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1. Introduction

One recent development in graph theory, suggested by Lagarias and Saks, called
pebbling, has been the subject of much research. It was first introduced into the
literature by Chung [1], and has been developed by many others including Hulbert,
who published a survey of graph pebbling [5]. There have been many developments
since Hulbert's survey appeared.
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Given a graph G, distribute k pebbles (indistinguishable markers) on its vertices in
some configuration C. Specifically, a configuration on a graph G is a function from
V(G) to NU {0} representing an arrangement of pebbles on G. For our purposes, we
will always assume that G is connected. A pebbling move (or pebbling step) is
defined as the removal of two pebbles from some vertex and the placement of one of
these pebbles on an adjacent vertex. Define the pebbling number, n(G), to be the
minimum number of pebbles such that regardless of their initial configuration, it is
possible to move to any root vertex v, a pebble by a sequence of pebbling moves.
Implicit in this definition is the fact that if after moving to vertex v one desires to

move to another root vertex, the pebbles reset to their original configuration.

The domination cover pebbling [3] is the combination of two ideas cover pebbling [2]
and domination [4]. This introduces a new graph invariant called the domination
cover pebbling number, y(G). Recall that, a set of vertices D in G is a dominating set
if every vertex in G is either in D or adjacent to a vertex of D. The cover pebbling
number , M(G), is defined as the minimum number of pebbles required such that given
any initial configuration of at least A(G) pebbles, it is possible to make a series of
pebbling moves to place at least one pebble on every vertex of G. The domination
cover pebbling number of a graph G, proposed by A. Teguia, is the minimum number
y(G) of pebbles required such that any initial configuration of at least y(G) pebbles
can be transformed so that the set of vertices that contain pebbles form a dominating
set of G. We have determined the domination cover pebbling number of the square of
a path in [7]. In section 2, we determine the domination cover pebbling number for

odd cycle lollipop. For this we use the following theorems:

a1 1- 8—(Bn+1) o,
Theorem 1.1[3] For n>3, [ (Pn) =2 7 + ) , Where

n-2=a, +3p, =a,(mod3).



A.Lourdusamy and T.Mathivanan ' 37

m-2=aqa,+3B3, =a,(mod3). m
u

From this theorem, we can derive the following :
Mom this theorem, we can derive the following :

From this theorem, we c%glelltl}?gllowalg :

51 OL
o ; :
4 P )= = ’,. &r;lé
\V((PLL i o, =
3
v (P,)= S &, =3
7,3 0T
2"+ 3
Also, from this we have, 7 lfan =2

Also, from this we have, *

n+l n+l

Also, from thisMKW 2" +3

b R
2n+[7_ w&f )3 2n+17+ 3

Theorem 1. 2[3]’JTEZFC_be al ertices. Then the domination cover pebbling

Theorem 1 2[3] Let C, be a cycle on m vertices. Then the domination cover pebbling
number is given by,

Thuebeens B2B1 et C, be a cycle on m vertices. Then the domination cover pebbling
numberls\ﬁl§glg % é \V%[g % ‘O(k lﬂail 1|| ?”Z 22112 %%llcfi?:%
AR T
QA o ) o A B = 2k 200 23)

where k d mes 2kmadidr. 2
where k — % 0%3) ¥ |%17‘€ I%I_ﬁ OLl; (m ?1]83 )
ﬁhere k-2 Eak(m0d3) and (k—-1)-2=a, ,(mod3).

2 Domination cover pebbling number for odd cycle lollipop
BDomination cover pebbling number for odd cycle lollipop

%ﬁlmtwné .1[6] Fora ‘ilOf inte r:‘z n>2 1 rn .n) be the lollipop graph
Yedr B Bei y Htl) be the lolhpop graph
of order n+m- 1 tained from a cycle C by attachlng a pat length n-1 t0 a vertex

(‘)”fceg‘ﬂe Cy%{fgﬂ {@W@%ﬁ@wmﬁgaﬁmﬂgy atfaghinglapatmaf)lbegtieol ltpdpveriph

of tideyalem-1 obtained from a cycle Cy, by attaching a path of length n-1 to a vertex

Vf We will ui%the following labeling for the graphs C,, and P,,.
RGiEVGLe the following labeling for the graphs Cp and P,.

We will use the following labeling for the graphs C,, and P,,.
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v,y V. ..V
Cn:VoViV2...Vmi1 Vo (1’1’123) and P,: \%\}?)‘1\);22 ...v;'z—ll >

If the cycle Cp, in L(m,n) is odd, then L(m,n) is called odd cycle lollipop. Now, we
If the cycle Chh in L{m,n) is odd, then L{(mn) is called odd cycle lollipop. Now, we

proceed to find the domination cover pebbling number for L?,n)), where n>2.
proceed to find the domination cover pebbling number for L(3,n), where n>2.

Theorem 2.2 Let 1(3,2) be a lollipop graph. Then w(L(3,2))=3.
Theorem 2.2 Let L((3,2)) be a 10111%0% ggra%h. Then \\IIII%L%:”,Z))))::’).

Proof; Consider the graph L(3,2). Put one pebble each on both v; and v,. Clearly, we
Proof: Consider the graph L(3,2). Put one pebble each on both v; and v,. Clearly, we

cannot cover dominate the vertex v_ . Thus, w((L 32 ))23.
cannot cover dominate the vertex v’;jl . Thus, y(L(3,2))>3.

Now, consider the distribution of three pebbles on the vertices of L 3,22)).
Now, consider the distribution of three pebbles on the vertices of L(3,2).

Casel: C; contains at least one pebble.
Casel: CZ contains at least one pebble.

If v_contains one or more pebbles then we are done, since y(Cs)=1. So, assume that
If v’;l contains one or more pebbles then we are done, since C33 =1. So, assume that

v_ contains zero pebbles. This implies that C; contains all the three pebbles. Clearly,
v’;ll contains zero pebbles. This implies that C33 contains all the three pebbles. Clearly,

we are done if vy contains a pebble. Otherwise either v; or v, contains at least two
we are done if vy contains a pebble. Otherwise either v; or v, contains at least two

pebbles. From this we can send one pebble to vy and we are done.
pebbles. From this we can send one pebble to vy and we are done.

Case2: C; contains zero pebbles.
Case2: C33 contains zero pebbles.

This implies that v contains all the three pebbles, and from this vertex we can send
This implies that v’;;l contains all the three pebbles, and from this vertex we can send

one pebble to vy and we are done.
one pebble to vy and we are done.

Thus, from Casel and Case2, y(L(3,2)<3.
Thus, from Casel and Case2, y(L(3,2)<3.

Mo W3S
|
|

Here after we use the following notations: consider the paths Pa: v v| V... vk and
Here after we use the following notations: consider the paths Pf:: Vo V| V3... Vi and

Pg: Vit1 Visa... Vm1Vo belonging to the cycle C,,, where m = 2k-1. Let f(v.)be the
P}]33: Vi++11 Vlffz Vm_llV% belon%glngg to the c}}llcle Crrnn, where m = 2k-1. Let ]}%\}3 be the

number of pebbles at the vertex v; and ]AQ be the number of pebbles on the path
number of pebbles at the vertex v; and “f Pﬁl be the number of pebbles on the path

B
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Consider the paths Pc: vp1 vp2 Y and Pp: sz Vp3 RY

p p

n—1 n—1 '

Theorem 2.3 Let L(3,n) be the lollipop graph, where n>3 then,

y(P,)+Llifa, =00rl

v EG) :{2\4/ (P)-Lif o, =2

where n—2 =0, (mod3).
Proof: Consider the lollipop graph L(3,n), where n>3 and n—2 =o., (mod3).

Casel: Let 0,=0.Then n>5.

Consider the distribution of one pebble on v; and 2y(P,)-1 pebbles on v,. Clearly, we

cannot cover dominate at least one of the vertices of L(3,n). Thus,
Y(L3,m)>2y(Py)+1.
Now, consider the distribution of 2y(P,)+1pebbles on the vertices of L(3,n).

Casel.1: C; contains at least one pebble.

If P¢ contains y(P,.;) or more pebbles then we are done, since y(C;)=1. So, assume
that Pc contains x< y(P,.;) pebbles. This implies that C; contains at least 2 y(P,)+1-x

pebbles. Suppose we cannot move y(P,)-x pebbles to vy, then we must have,

j;(vo){f(vl)J{f(vz)JS[W(Pn)_x]_L

2 2

That is,f(vo)%(f(vl)+f<v»)£w(P,,>—x. ()

To minimize the L.H.S of (1), it is sufficient to assume that f (vy) =0. That is, we

may assume that all the pebbles are placed at v; and v,.



Domination Cover Pebbling Number for Odd Cycle Lolliptp

From (1), we get j}(vl) + f(vz) <2y (P)—x] -—-(2)

But, we have j}(vl) + J}(vz) >y (P)+1-x --(3)

The inequality in (2) contradicts the inequality in (3). So we can send y(P,)-x pebbles
to vo and we cover dominate the path P,(using at most 2[y(P,)-x] pebbles). Now C;
contains at least, 2y(Py,)-x+1-[ 2(y(Py)-x)]=x+1>1 pebbles and we are done.

Casel.2: C; contains zero pebbles.
This implies that Pc contains 2y(P,)+1 pebbles. We use at most 2! pebbles to put a
pebble at vy so that we cover dominate Cs. Since v, is also cover dominated by vy,

we need y(P,.,) pebbles in Pp. But we have enough pebbles in Pp, since 0,=0 and

n+l n-1
2y(Py)+1-2"" =2(2 . 1) +1-2""= ¥ >y (P _,), and we are done.

Case2: Let a,=1. Then n>3.

Consider the distribution of 2y(P,) pebbles on v R Clearly, we cannot cover
dominate at least one of the vertices of L(3,n). Thus, y(L(3,n))>2y(P,)+1.

Now, consider the distribution of 2y(P,)+1pebbles on the vertices of L(3,n).

Case2.1: C; contains at least one pebble.

If Pc contains y(P,.;) or more pebbles then we are done, since y(C;)=1. So, assume
that Pc contains x< y(P,,.;) pebbles. This implies that C; contains at least 2 y(P,)+1-x
pebbles. Suppose we cannot move y(P,)-x pebbles to vy, then we must have,

f(vo)+v(2vl)J+V(2vz)JS[\V(Pn)—x]-L
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That i,/ (4) + 3 (700) + 70 <w (B) = . @

To minimize the L.H.S of (4), it is sufficient to assume that f (v,)=0. That is, we

may assume that all the pebbles are at v; and vy.
From (4), we get f(v))+ f(v,) <2y (P)—x]. -—-(5)

But, we have f(v)+ f(v,)>2y (P)+1—x. - (6)

The inequality in (5) contradicts the inequality in (6). So we can send y(P,)-x pebbles
to vo and we cover dominate the path P,(using at most 2[y(P,)-x] pebbles). Now C;
contains at least, 2y(P,)-x+1-[ 2(y(Py)-x)]=x+1>1 pebbles and we are done.

Case2.2: C; contains zero pebbles.

This implies that Pc contains 2y(P,)+1 pebbles. We use at most 2! pebbles to put a

pebble at vy so that we cover dominate Cs. Since v o is also cover dominated by vy,

we need y(P,.,) pebbles in Pp. But we have enough pebbles, since a,=1 and

2" 43

n+l
2y(P)+1-2""= 2{27—2] +1-2""> 2y (P _,), and we are done.

Case3 : Let 0,=2. Then n>4.

Consider the distribution of 2y(P,)-2 pebbles on Vo 1 Clearly, we cannot cover

dominate at least one of the vertices of L(3,n). Thus,

Y(L(3,n))=2y(Py)-1.

Now, consider the distribution of 2y(P,)-1pebbles on the vertices of L(3,n).

Case3.1 : C; contains at least one pebble.
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If Pc contains y(P,.;) or more pebbles then we are done, since y(C;)=1. So, assume
that P¢ contains x< y(P,.;) pebbles. This implies that C; contains at least 2 y(P,)-1-x

pebbles. Suppose we cannot move y(P,)-x pebbles to vy, then we must have,

f(vo){fm)Hﬂzv»Jg[w (P)—x]-1.

2

Thatis, /() 4 (F (1) + ) <w (B) = )

To minimize the L.H.S of (7), it is sufficient to assume that ]A” (v,) =0. That is, we

may assume that all the pebbles are at v; and v».
From (7), we get £ (v,) + f(v,) <2y (P) — x]. - (8)

But, we have f(v,)+ f(v,)>2y (P.)—1—x. - (9)

The inequality in (8) contradicts the inequality in (9). So we can send y(P,)-x pebbles
to vo and we cover dominate the path P,(using at most 2[y(P,)-x] pebbles). Now C;
contains at least, 2y(P,)-x-1-[ 2(y(P,)-x)]=x-1>1 (x>2) pebbles and we are done.

Case3.2: C; contains zero pebbles.

This implies that P contains 2y(P,)-1 pebbles. We use at most 2" pebbles to put a

pebble at vy so that we cover dominate Cs. Now we need y(P,.,) pebbles in Pp. But

we have enough pebbles, since 0n=2 and 2y(Py)-1- 2" =

n+l n-1 _
2(2 7+3J—1—2n_122 - 1Z\V(Pn_2),andwearedone.

Thus, from Casel, Case2 and Case3 we get,
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2y (P)+Lifa,=00rl

W(Lo’n))g{ﬁv(l’n)—l,lfan 2

2y (P)+Lif o, =00r1
2y (B)-Lif o, =2

Next we proceed to find the domination cover pebbling number for L(m,2), where

m=2k-1 (k=3).

Therefore, y (L(3,n)) = {

Theorem2.4 Let L(m,2) be a lollipop graph where m=2k-1(k>3) and
2y (C,),if o, =00r2

2y (C,)+Lif o, =1

Proof: Consider the Ilollipop graph L(m,2), where m=2k-1(k>3) and
k—2=0,(mod3).

k—2=0,(mod3).Theny (L(m,2)) =

Casel: Let 04=0. Then k>5.
Consider the distribution of 2y(Cy,)-1 pebbles on Voo then clearly we cannot cover
dominate at least one of the vertices of L(m,2). Thus, (L(m,2))> 2y (Cm ).

Now, consider the distribution of 2y(C,,) pebbles on the vertices of L(m,2), where

(Xk:().
Casel.1: C,, contains at least y(C,,) pebbles.

Ifv i contains one or more pebbles then we are done (by our assumption). So, assume

that Vo contains zero pebbles. This implies that C,, contains 2y(C,,) pebbles.

We have to send one pebble to vy, to cover dominate the vertex Vo Suppose we

cannot send one pebble to vo. Then we must have,
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f(Vk 1)"‘{

F ) J

f(P)+

and j} (Py)+

Adding the above inequalities, we get

F(P)+ f(P)+

f(vk)_i_\\f( k— I)J
5 <2F? -1
f’\‘(vkl)_i_"f(zvk)J f(vk)_i_\;f(vkl)J
2 2

- (10)

To minimize the L.H.S of (10), it is sufficient to assume that f (P,)=0= f (Py).

That is, we may assume that all the pebbles are at vi_jand vi.Now, 2y(C,,) is even, so

both f (v,_,) and f (v, ) are either odd or even.

Subcasel (a): Suppose, both f (v,,) and f (v, ) are odd.

From (10), we get

f(Vk 1)+{f(vk)J

f(vk){f( . nJ

2

2
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(f(vkl)—l){m;)‘l] (f(vk>—1)+£f<vk21>—1j

That is, + < 2k
2 2
That is, [ Fo )+ Fv)—- 2] <2k o (1)
But, we have, f(v, )+ f(v,)=2y (C,)
[Z\V (B)—-|o |] sincem =2k —1
k+1
:4(2 1)—2,Sinceak20
7
42"y -18
-
k p— J—
Thatis, f(v,_)+ f(v,)2 82 71) 10 :
Thus,
(f(v V4 Fv)— 2) 82" -1-10 ,|_ [2"-4
! ‘ 4 7 7
> 2% since k>5. -—---(12)
The inequality in (11) contradicts the inequality in (12).
Subcasel (b): Suppose, both f (v,_,) and f (v, )are even.
v v
Fo o{ﬂ k)J f(m){f( = oJ
From (10), we get + <21 _»

2 2

-2.



Domination Cover Pebbling Number for Odd Cycle Lolliptp

That is, [f(vk 1)+f(vk)] <2F— - (13)

But, we have, f(vk_l) + j}(vk) > 2y (C,,) and since m=2k-1 and ou=0, we get

k_
2(Fo+fo k))>—(8(2 RS mj
> 2% since k>5. - (14)

The inequality in (13) contradicts the inequality in (14).

From the Subcasel (a) and Subcasel (b) , we can send one pebble to vy using at most

2% pebbles.

Now, the minimum number of pebbles that C,, contains is

Gl 2 1) ] e
WCw2H =w (C,) +] 2| S — |12

219
vea(222)

2y (C,),

where the first equality follows since m=2k-1 and ox=0 and the third inequality
follows since k>5. Thus, we have enough pebbles to cover dominate C,, and we are

done.

Casel.2 : C,, contains x<y(C,,) pebbles.

This implies that, Vo contains at least 2y(C,,) —x pebbles. We can send y(C,)-

X X
LEJ pebbles to vy. So, C,, contains at least x+ y(Cy,)- tEJ >y(Cpy) pebbles and we

are done.
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Case2 : Let o4=2. Then k>4.
Consider the distribution of 2y(C,,)-1 pebbles on v . then clearly we cannot cover
dominate at least one of the vertices of L(m,2). Thus, \y (L(m,2)) =2y (C,).

Now, consider the distribution of 2y(C,,) pebbles on the vertices of L(m,2), where

0 =2.

Case2.1 : C,, contains at least y(C,,) pebbles.

If Vo contains one or more pebbles then we are done (by our assumption). So,
assume that Vo contains zero pebbles. This implies that Cy, contains 2y(C,,) pebbles.

We have to send one pebble to vy, to cover dominate the vertex V- Suppose we

cannot send one pebble to vo. Then we must have,

]}(Vk—l) + {f(zvk)J

2 2

F(P)+ f(By)+

—-(15)

To minimize the L.H.S of (15), it is sufficient to assume that f (P,)=0= f (Fy).

That is, we may assume that all the pebbles are at vi_jand vi. Now, 2y(C,,) is even, so

both f (v,_,) and f (v, ) are either odd or even.

Subcase2 (a) : Suppose, both ]} (v,_,) and f (v, ) are odd.

From (15), we get %[f(vk_l) + fA(Vk) — 2] <okl _o - (16)

4(2k+1) _ 2

But, we have j;(kal) + f(vk) >2p(C,)) = -
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. . k+ly
But, we have f(v, )+ f(v,)22y(C, )= w
Thatis, f(v,_,)+ f(v,)> 2(@].

Thus, —(f(vk D+ F)-2)2 4{ {@] 2}

> 2K since k>4. - (17)
The inequality in (16) contradicts the inequality in (17).
Subcase2 (b): Suppose, both j} (v,_,) and ]} (v, ) are even.

From (15), we get

o+ fop]<2- —(18)

But, we have, f V) + ]} (v,) =2y (C,)) and since m=2k-1 and o=2, we get

2(Fou 1>+f(vk))>—[ (@H

> 2K since k4. -—---(19)
The inequality in (18) contradicts the inequality in (19).

From the Subcase2 (a) and Subcase2 (b), we can send one pebble to vy using at most

2! pebbles.

Now, the minimum number of pebbles that C,, contains is
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o 2k+1+3 i . _ B
2y(Cp)-2" =y (C)+]| 2 — —1|-2"",sincem=2k-lando, =2

>y (C,,),since k = 4.

Thus, we have enough pebbles to cover dominate C,, and we are done.

Case2.2 : C,, contains x<y/(C,,) pebbles.

This implies that, Vi contains at least 2y(C,) —x pebbles. We can send y(Cy)-

X X
LEJ pebbles to vy. So, Cy, contains at least x+ y(Cy,)- tEJ >y(Cyy) pebbles and we
are done.
Case3: Let oy=1. Then k>3.

Consider the distribution of 2y(C,,) pebbles on Vo Then clearly we cannot cover

dominate at least one of the vertices of L(m,2).

Thus, Y (L(m,2)) 22y (C, ) +1.

Now, consider the distribution of 2y(C,,)+1 pebbles on the vertices of L(m,2), where

(szl.

Case3.1: C,, contains at least y(Cy,) pebbles.
If Vo contains one or more pebbles then we are done (by our assumption). So,
assume that Vo contains zero pebbles. This implies that C, contains 2y(Cy)+1

pebbles. We have to send one pebble to vy, to cover dominate the vertex Vo

Suppose we cannot send one pebble to vy. Then we must have,
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f(kal) + f(zvk) J}(Vk) + f(‘;k_l)
F(PY+ [ (Py)+ S L dl<ot1_g.

- (20)

To minimize the L.H.S of (20), it is sufficient to assume that f (P,)=0= f (Py).

That is, we may assume that all the pebbles are at vi_jand vi. Now, 2y(Cp,)+1 is odd,

so exactly one of f(v,,), f(v,)is even. Without loss of generality assume

f(v,,)is even.

From (20), we get

31, . 5
Z[ Fo)+ )] —<2t-a - (21)
But, we have, f(v,_,)+ f(v,) =2y (C,)+1. Then,

3(7 7 5 k-1

~(fo)+ 7)) 522 —(22)

4 4

The inequality in (21) contradicts the inequality in (22). So, we can send one pebble
to vo using at most 2! pebbles.
Now, the minimum number of pebbles that C,, contains is

2y(C)+1-2" 2y (C,).
Thus, we have enough pebbles to cover dominate C,, and we are done.

Case3.2: C,, contains x<y(C,,) pebbles.
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This implies that, Vo contains at least 2y(C,) —x pebbles. We can send y(Cp,)-

X X
LEJ pebbles to vy. So, Cy, contains at least x+ y(Cy,)- LEJ >y(Cy,) pebbles and we

are done.

2y (C,)if a; =00r2

ThuS,\.|/(L(n/laz))S 2\]ll(Cm)+lalf o, =1

2y (C,)if o, =00r2
29 (C)+Lif o, =1

where m=2k-1(k>3) and k-2 =ox(mod 3). m

Therefore, (L(ma 2)) =

Next, we proceed to find the domination cover pebbling number of L(m,n), where

m=2k-1 (k>3) and n>3.
Theorem2.5 Let L(m,n) be a lollipop graph where m=2k-1 (k> 3) and n>3. Then,

v (L) — {2\41 Gy (B)if o =]
27y (C) vy (£, )i o, =00r2
where k-2 = oi(mod 3).
Proof: Consider the lollipop graph L(m,n), where m=2k-1(k>3) and n>3.
Casel: Let oy=1. Then k>3.

Consider the distribution of y(L(m,n))-1pebbles at Vo 1 Clearly, we cannot cover

dominate at least one of the vertices of L(m,n).

Thus, y (L(m,n)) 22"y (C,) +y (B, ).
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Now, consider the distribution of y(L(m,n)) pebbles on the vertices of L(m,n).

Casel.1: C,, contains at least y(C,,) pebbles.

If Pc contains y(P,.) pebbles are more, then clearly we are done(by our assumption).

So assume that Pc contains x< w(P,;) pebbles. This implies that, C, contains

2"y (C,))+w (P,_,) — xpebbles. Suppose, we cannot move y(Py,)-x pebbles to v,

then we must have,

fon o{f (Vk)J

f(P)+

and f(PB) +

Adding the above inequalities, we get

F(P)+ f(By)+

Foe. o{f )

<2k

v (B)-x]-1

gzk—z[\p(g)—x]—l.

|

<2k

W (B)-x]-2. —(23)
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To minimize the L.H.S of (23), it is sufficient to assume that f (P,)=0= f (Py).

That is, we may assume that all the pebbles are at vx and vy.;.

Now, 2"y (C, ) +y (P._,) — xis odd or even, since it depends on both
y(Py.1) and x.

Subcasel (a): Suppose, ]A’ v, )+ j} (v, )1is even.

This implies that, both j} (v,,) and ]} (v,)are odd or even. Suppose, both

fA(V,H) and f(vk) are odd, then from (23), we get

f(vk 1)+\‘f(vk)J f(vk)_i_\‘f( k— I)J
. + 5 <2y (B)-x]-2.
That s, [ Fo )+ fv)- 2]<2" Ty (P)-x]-2. e (24)

But, we have ]A’(vk) + fA(vk_l) > 2"y C)+ry (P )—x

:2#1[2\4’ (F)—loy -1 |] +y (B ) —x

. 2k+1 _ 2 2n _ 2 . '
>2 - + - — x, where the second equality follows since m=2k-1,

2}’H—1 _ 2
7 .

Then %[f(vk)+f(vk1)—2]>§|:2,{2k+1 _2:|+2”7_2}_§x_§

and the third inequality follows since o, =1andy (P,) 2

4 7 47 2



Domination Cover Pebbling Number for Odd Cycle Lolliggxp

_31 2@ +3) 32 2 3.
4 7 7 7| 47 14

> 302k Z)V(P)—_F(? ), 27}2)“%

n+l k n
sy (pye2ta 202 92N e 13 1
7 282F7) 28222 | 4 7

[ An+l . n
sy (pyea| 2072 36 3@n) 312
7 28(2) 28(2)| 45 7

=2y (P)+2"7 w}_x_zj

i 56
L . . 2" 43
where the third inequality follows since y (P,) < P
That is, [ Fo0+ 7o )-2]22 (B)-x-2. e (25)

The inequality in (24) contradicts the inequality in (25).
Suppose, both f (v,,) and J} (v, ) are even, then from (23), we get

(F )~ 1)+(f (”k)} (P~ 1>+(f<vzk 0}
2 i > <2y (B)-x]-2.

That is, %[ Foo)+ jf(vk)] <2y (P)-x]-1. —een (26)
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But, we have J}(Vk) + ]}(vk_l) >2" Ny (C)+ty(P_)—x

=2 [2y (B)= o, ~1[]+w (Py) —

k+1
>on| 2 =
7

and the third inequality follows since o, =l andwy (P,) =

That is,

[ Fe0+ 7m0 ]

k— k=2
22y (B)+2 { )

That is, [f(vk)+f(vk l)]> 2Ny (P)—x—1.

3
4

13(2") =52 |

2n+1 _ 2
7 .

[ [oei_2] 2n-2] 3
2 + ——X
7 7 | 4

—x-2.

—(27)

The inequality in (26) contradicts the inequality in (27).

Subcasel(b): If f (Vi) + j} (v, ) is odd.

Without loss of generality, let ]} (v, ) be odd. Then f (V) is even.

From (23), we get

(F (ver) - 1)+[f )= 1] (F(v)- 1)+(f H) 1)]

+
2

That is

e+ Fen]- 322 R 4]

2

—-(28)

2 2" -2
}4— - — X, where the second equality follows since m=2k-1,

<2 [\I’ (Pn)—x]—2.
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But, we have j}(Vk) + f(vk_l) > 2" Ny C)+v (P )—x

=22y (B)- o, 1]+ (B, ) -

., 2k+1 _ 2 2n _ 2 ' .
>2 - + 7 — x, where the second equality follows since m=2k-1,

2n+l _ 2
7 .

That is, |:f(vk)+f(vk 1):|_§>§{2n(2k+1 _2]_’_ 2”7_2:|_§x_§

and the third inequality follows since o, =l andy (P,) =

4”4 7 47 4

- 2| 1327) =52
> 2"y (P)+2 { ” } x—2.

That is, [f(vk)+ Ff, 1)]——> 2Ny (P)—x—2. - (29)

The inequality in (28) contradicts the inequality in (29).

From Subcase 1(a) and Subcase 1(b), we can always send y (P,) — x pebbles to vo at
a cost of at most 2y (P,) — x] pebbles. Thus, we cover dominate the path P,.
Now, we have to cover dominate C, In C,, we have at least
2" Ny (C,)+y (P_)—x -2 [\y (P)- x]pebbles. We need at most y(Cp)

pebbles to cover dominate C,,. But,
W (C)+y (P ) —x=2"y (P)—-x]-y (C,)
=@ =1y (C,) +y (B —x— 2"y (P) - x]

=" =D[2y (B)]-2" W (B) +v (B_)+ (2" = D)x
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. (2n_1 ~ 1)( 2(2k+1 N 2)} - 2k_1 ( 2n+1 +3
- 7

7

4(2")-8-2(2")-3 4(2")-4]|
7 725

I
\]
T

>2k_1_8(2”)—4(2")—15}
28

28

> k-l w} >0,

where the second equality follows since m=2k-1, the third inequality follows since

2n+l + 3

o, =landy (P)< , the fifth inequality follows since k>3, and the sixth

inequality follows since n >2and k > 2.

Thus, we have enough pebbles to cover dominate C;,, and hence we are done.
Casel.2: C,, contains y<y(C,,) pebbles.

This implies that, Pc contains 2" \y (C, )+ (P,_)—» pebbles. We use at most

y(Py.1) pebbles to cover dominate Pc. Thus, we have at least 2"_l\|l (C,)— ypebbles

in Pc. We need at most 2" [y(Crm)-y] pebbles from Pc to cover the vertices of Cp,.
But,

2"y (C,)-y-2""y(C,) -]

=(2"" 1)y >0,
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where the second inequality follows since n>2. Thus, we can send y(C,,)-y pebbles to
vo and already C,, contains y pebbles implies that C,, contains y(C,,) pebbles and we

are done.

So, y (L(m,n)) < 2"y (C,)+y (B, ).

Therefore, \y (L(m,n))=2""y (C,)+y (P._,), if s=1.
Case2: Let o,=2. Then k>4.

Consider the distribution of y(L(m,n))-1pebbles at Vo1 Clearly, we cannot cover

dominate at least one of the vertices of L(m,n).

Thus, y (L(m,n)) 22"y (C,) +v (B,_,).

Now, consider the distribution of y(L(m,n)) pebbles on the vertices of L(m,n).
Case2.1: C,, contains at least y(C,,) pebbles.

If P¢c contains y(P,.;) pebbles are more, then clearly we are done(by our assumption).
So assume that Pc contains x< y(P,.;) pebbles. This implies that, C,, contains
2"y (C,)+wy (P_,)— x pebbles. Suppose, we cannot move y(P,)-x pebbles to vo,

then we must have,

S
f(k1)+\‘ ) J

fP)+ f(Py)+

<2y (P)-x]-2. - (30)




A.Lourdusamy and T.Mathivanan 59

To minimize the L.H.S of (30), it is sufficient to assume that f (P,)=0= f (P).

That is, we may assume that all the pebbles are at v and vi.;.

Now, 2"y (C, ) +y (P._,) — x is odd or even, since it depends on both

y(Py2) and x.

Subcase2 (a): Suppose, ]A” (Ve + ]} (v, ) is even.

This implies that, both ]} (V) and ]} (v,)are odd or even. Suppose, both
f (v,_)and ]} (v, ) are odd, then

From (30), we get

3rs p k-1
LI+ 700 -2)<27 f (B) ~2]-2. — G
But, we have f(v,)+ f(v,,)=2"y (C,)+y (P, ,)—x
= 2" 2y (B)— o, —1]]+w (B, ,) —x

k+1 n-1
2743 1] 272
7 2 7

where the second equality follows since m=2k-1, and the third inequality follows

2n+1 _2
since o, =2 andy (P,)= P

31 - . 300243 1| 27'=2] 3 3
Tha“sﬂz[ﬂ"k“f("kl)2}22{2{ 7 ‘5}* 7 }z%

— "3

325 | 3 )
4

> 24y (B)+ 2"y (P,»—%{
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2" 2 3(12 3
> 2y (P) + 22 = |-=x-2
v (F,) Z ne; 1

2 2k_l\l’ (])n)_x_zs

243

where the second inequality follows sincey (P)< , and the fourth

inequality follows since n>3and k > 4.

31 A _
That is, Z[ FOO+ ) - 2] > 2Ny (P)—x-2. e (32)
The inequality in (31) contradicts the inequality in (32).
Suppose, both f (v,_)and f (v, ) are even, then

From (30), we get

[ Fo+ 7o0 ]2 ) -x)-1. —(33)

But, we have fA(vk) + f(vk_l) > 2”_1\|I C )ty (B_,)—x

k+1 n-1
22{2 +3_1}+2 2 .

7 2 7

2n+1 _ 2
7 .

2 43 1}2"1—2} 3

where the second inequality follows since o, =2 andy (P,) >

That is, %[ fv)+ fA(vkl)}Z%{Z"{

7 2

——X
7 4
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> 24y (B) +2"y (&)—%F(ﬂ—x—l

n+l
>2"y (B)+2"7 {#—%%H —x—1
k-1
>2 W(])n)_x_la

243

where the second inequality follows since Y (P)< , and the fourth

inequality follows since n>3and k > 4.

That is, %[ fo)+f (vkl)] > 25y (P)—x—1. - (34)
The inequality in (33) contradicts the inequality in (34).

Subcase2 (b): If f (V) + ]A‘ (v, ) is odd.

Without loss of generality, let ]A‘ (v, ) be odd. Then J} (V) is even.

From (30), we get

3r . ; S <Akl
Z{f@h0+f@u]—zﬁffNNBJ—ﬂ—2- - (35)

But, we have f(vk) + f(vk_l) > 2"_1\41 (C)+y(P_,)—x

k+1 n-1
s 243 17 272
7 2 7

where the second equality follows since m=2k-1, and the third inequality follows
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ntl
since Ock=2cmd\y(Pn)22 Z 2.

31~ A 5 3 243 1) 2"'-2| 3 5
That is, — + D) |-===]2" —— |+ —Zx-=
or 4[f(v") Tt 4 4{ ( 7 zj 7 } 4%

n+l
=2y (P) + 2" {%}—x—l

.31, , 5 _
Thatis, 5[ /0 + f 00|52 27 (B)=x=2. —6)

The inequality in (35) contradicts the inequality in (36).
From Subcase2 (a) and Subcase2 (b), we can always send y (P,) — x pebbles to v, at

a cost of at most 2°'[\y (P,) — x] pebbles. Thus, we cover dominate the path P,.

Now, we have to cover dominate C,. In C,, we have at least
2" Ny (C,)+y (1),172)—)6—21“1 [\4} (Pn)—x]pebbles. We need at most y(Cp)

pebbles to cover dominate C,,. But,

2" (C,) +y (P,y)—x =2y (P)—x]-w (C,)

=" =D[2y (B)—1]-2y (B) +y (B, )+ (2" = )x
SR L AR

42" -8-2(2")-3 2" —1}

— 2k—1
7 72

B n—1
L] 31D =87
56
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2}’H—1 + 3

where the second equality follows since o, =landy (P)< , and the

fourth inequality follows since n >2and k > 3.
Thus, we have enough pebbles to cover dominate C,, and hence we are done.

Case2.2: C,, contains y<y(C,,) pebbles.

This implies that, Pc contains 2"y (C,)+y (P_,)—y pebbles. We use at most

y(Py.1) pebbles to cover dominate Pc. Thus, we have at least
2" Ny (C,)+y (P_,)—y—y (P_,)pebbles in Pc. We need at most 2™ [y(Cpy)-y]

pebbles from P to cover dominate the vertices of Cy,,. But,

2" (C)+y (P, ) -y =y (P, )-2""[w(C,) -]

22 2" +3

>y 2 T2,
Y 7 YT
>2n_l' 547y 1
R T N
4 21y-9 :
=" >0if y>0,
28 } fy

where the second inequality follows since n>3. Thus, we can send y(C,,)-y pebbles to
vo and already C,, contains y pebbles implies that C,, contains y(C,,) pebbles and we

are done.
So.y (L(m,m) < 2"y (C,)+y (B,_,).
Therefore, y (L(m,n)) = 2"y (C,) +y (P,_,) . if 4=2.

Case3: Let 04=0. Then k>5.
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Consider the distribution of y(L(m,n))-1pebbles at Vo 1 Clearly, we cannot cover

dominate at least one of the vertices of L(m,n).
Thus, y (L(m,n)) 22"y (C,) +y (P,_,).
Now, consider the distribution of y(L(m,n)) pebbles on the vertices of L(m,n).

Case3.1 : C,, contains at least y(C,,) pebbles.

If Pc contains y(P,.) pebbles are more, then clearly we are done(by our assumption).

So assume that Pc contains x< (P, ;) pebbles. This implies that, C,, contains
hy (C,)) +y (P,_,) — x pebbles. Suppose, we cannot move y(P,)-x pebbles to v,

then we must have,

7, o{f ) J
F(P)+f(By)+

<2y (P)-x]-2. —(37)

To minimize the L.H.S of (37), it is sufficient to assume that f (P,)=0= ]} (Py).

That is, we may assume that all the pebbles are at v and vy ;.
Now, 2"y (C, ) +y (P._,) — xis odd or even, since it depends on both

y(Py.2) and x.
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+f v, )is even.
f(v,)is even.

f (Vi 1)+f (Vs hiscayes- (a) : Suppose, f ((Vk -1
AU

are odd or even.

Jth f (v,_,)and f (VERRI SR RYED o th f g } nd }‘{év ;are odd or even.

This implies that, both f(v,_,
are odd, then from (37), we get

. )and f (v, ) are odgyihsgelignm(3 P
Suppose, both ]g Vi_ 1f? fgvk?are odd, then from (37), we get
---- (38)

)- 2]<2k [\V(Pfﬁ %vkl +f Vk?_@?L 22: 11 ﬂ:zz —--- (38)

)+ f (v ) 22" \Vﬁgby)v‘éwa@ﬁ(avkzc+ f{vk 1}>>22’:l é ; é 23
Ly

But, we have f(v,)+ f (v,
22y (B)=lay = H]+w (o) =0 oy (P )~ Jar, 1] +
0 k W
2 ﬁ ng? o, L[+ - X

) :| 2”_1_2 22k+1_1 21’!1_2
=1+ — X o] 2{7@—1;}_ — 1]+ 5 — x,

B A L
quality follows Sm"\?h’aeuhé’séegn@%&ﬁﬁﬁfnﬁﬂwysfﬁyé’%ik-l and the third inequality follows

where the second equality follows smce m=2k-1, and the third inequality follows

1 _»9 i+l
since Ock—Zand\V(( )) 2”—‘*’—1—2

\I/(P)> :
7 since o, =2 andy (P 7
2k+1 1 nl_z 3 2k+1 1 1 3

i‘J((Vk - 2 { z{ }FF -z kil 4 — 3| +91l—5 | -3 x—
4| Tha 1lss F%) 7 Ev,f?f; ’5% i3 S % r = —%x—%

(2") 82’” % _3f3§2k;_8§2"j1; 3
?7-‘—4-2](2 I{: __24__ 7 - 7 _'34_)(:_

()—— 7 22
7

29 3(123 82" | 3 2 3(12) 8§ 3
) T ngm_Z — QpDu= x—=2
(et B

|:8(2n+1 11) 8(2" ll) %k ) 8 2n+1_11 _8 211_—1 _33_x
ﬁwz“_gé _15,_8& j —th—z

l\)

[\.)

_2k
7
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n—1 _
szlw(m”k{z«z ) 88}_)6_2

7

2 2k_l\l’ (])n)_'x_za

o . 2" 43 .
where the second inequality follows since W (P)) < , the third inequality
n+l
follows since k=5andy (P)2 , and the sixth inequality follows
sincen=3and k = 5.
3r» A _
That is, Z[ FOO+f ) - 2} > 2Ny (P)—x—2. e (39)

The inequality in (38) contradicts the inequality in (39).

Suppose, both ]} (v,_y)and f (v, ) are even, then from (37), we get
TPV _
L0+ 700 |27y (B) =] 1. e (40)

But, we have j}(vk) + ]}(vk,l) > 2"y (C)+v (B ,)—x

=22y (B)~| oty ~ 1]+ (P,) —x

k+1 n-1
22”-{—2(27 1)—1}2 - S

0329 82"H) 2

7 7 ——Xx, where the second equality follows since

>2"y (R)

2n+1 N 2

m=2k-1, the third inequality follows since o, =2 and y (P,) = -
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23225 82" 2
7 7 7

That is, %[f(vk>+f(vk_l>}z§{zkw (B,)

> 2"y (Pn>+2"‘{ :

n=ly
242" 88}_)6_2

> 2y (B) - x—1,

where the third inequality follows since n>3and k > 5.

That s, %[ Fo)+ f(vk_l)] > 2Ny (P)—x—1. e (41)
The inequality in (40) contradicts the inequality in (41).

Subcase3 (b) : If j}(vk_l) + ];(vk) is odd.

Without loss of generality, let f (v, ) be odd. Then ]A” (V) is even.

From (37), we get

37 2 2 e 115 <o
AR AUN] B TTC AR R A )

But, we have f(v,)+ f(v,_)) 22"y (C,) +y (B, ,) - x
=2"" [Z\V (B)—loy, -1 |] +y (B,,)—x

1325 82"H 2

22 (F) 7 7 7 "

where  the  second equality  follows  since  m=2k-1. That s,
3 . 5_ 3] 325y 8(@2"hH 2 3 5
- + ——2>—| 2y (P) - — ———Xx|-=x-=
RECARVIUDIES 4{ A R R REI b L
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n=ly
24(2 7) 88}_)6_2

> 2"y () +2 {

>2 Ny (P)—x -2,

where the third inequality follows since n>2 and k>4.

That is, %[ o i(vkl)]—gz 2Ny (P)—x—2. e (43)

The inequality in (42) contradicts the inequality in (43).
From Subcase3 (a) and Subcase3 (b), we can always send y (P,) — x pebbles to vy at

a cost of at most 2°'[y (P,) — x] pebbles. Thus, we cover dominate the path P,.

Now, we have to cover dominate C,. In C,, we have at Ileast
2"y (C,)+vy (Pn_z)—)c—2k71 [\V (Pn)—x]pebbles. We need at most y(Cp)

pebbles to cover dominate C,,. But,

2"y (C,) +y (P_y) —x =2y (P) - x]-w (C,)
=" =y (C,)+y (P,_,)—x—2" [y (P)—x]

=" =Dy (B)-1]-2 W (P) +y (P_,)+ (2" = Dx
S e R

2(2")-11 92" -1
7 7(16)

B n—1
Lot 55@H 165 |
56
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where the second equality follows since m=2k-1, the third inequality follows since

n+l

o, =0andy (P)< , the fifth inequality follows since k>5, and the sixth
inequality follows since n >2and k > 4.

Thus, we have enough pebbles to cover dominate C,, and hence we are done.

Case3.2: C,, contains y<y(C,,) pebbles.

This implies that, Pc contains 2"y (C,)+wy (P,_,)—y pebbles. We use at most
y(P,1) pebbles to cover dominate Pc. Thus, we have at least
2" Ny (C,)+y (P_,)—y—y (P_,)pebbles in Pc. We need at most 2™ [y(Cp)-y]

pebbles from P to cover dominate the vertices of Cy,. But,
2" (C)+Y (Py)—y—w(P_)-2""w(C,) -]
=2"y+y (P_)-y-v(P_)

Zznl‘y_swy_l}

74) 7

21y -9
28

—

—on-

}>Oify>0,

where the third inequality follows since n>3. Thus, we can send y(C,,)-y pebbles to
vo and already C,, contains y pebbles implies that C,, contains y(C,,) pebbles and we

are done.

So. y (L(m,n) < 2"y (C,) +v (P,,).

Therefore, W (L(m,n)) = 2"y (C)+v(P._,),if m=0.
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2w (C )+y (P_),if a, =1
Hence, y (L(m,n)) = Y Gy L o , where m=2k-1 and

2" (C,) +w (B,).if o, =00r2

k-2=ax(mod 3). W
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